. W Field Precision LLC

Surface integral expressions for
electric/magnetic force and torque

Stanley Humphries, Ph.D.

Field Precision LLC

E mail: techinfo®@fieldp.com
Internet: https://www.fieldp.com



The AMaze and TriComp analysis programs include powerful routines
to compute surface integrals of vector quantities over the boundaries between
internal and external region sets. For a general vector field A, a surface

integral is defined by
dA A - 1
/] n, 1

where dA is a differential area on the surface and n is a unit vector normal to
the surface pointing from the internal to the external set. The tutorial Theory
and applications of the Maxwell stress tensor! discusses the importance of
surface integrals in numerical codes to find forces on magnetically-active
objects. In this case, the force components are given by the expressions

Fz = //S dA (51177@ + Slzny + Slgnz> , (2)
F, = //S dA (Soing + Saony + Sasn.) ,

Fz = //S dA (Sglng; + Sggny + Sggnz) .

The quantities S;; are components of the Maxwell stress tensor. We can
combine the component expressions into the succinct form

F://S dA'S -, (3)

where the quantity S is the tensor

S Sz Sis
Sor Sz Sag |- (4)
S31 Szp 33
For electrostatic forces, the Maxwell stress tensor has the form
B (B2 —E?/2)  (Eu.Ey) (E.E.)
S =¢ (EyEy) (E; — E?/2) (EyE.) : (5)
(EzEaf) (EzEy) (E,? - E2/2)

where E? = E2 + E2 + EZ. The tensor for magnetostatic forces is

. 1 (Bg - B2/2) (BacBy> (Bach)
S=- (B,B.)  (By—DB%/2) (B,B.) |. (6)

with B* = B2 + B, + BZ.

! Available for download at http://www.fieldp.com/documents/stresstensor.pdf



A differential element of torque is defined by

dt =r x dF. (7)

Here, the vector r points from a torque origin [z, ¥, z;] to the current posi-
tion:

r= [T;,;,Ty,Tz] = [(x_xt)7(y_yt)a(z_zt>]' (8)

The total torque resulting from the force on a body may be written in terms
of the Maxwell stress tensor as:

t:/[qurx(g-n). (9)

To employ the surface integral capabilities of the AMaze and TriComp
programs, we need to determine a torque tensor T such that the torque
vector is given by an expression of the form,

t://s dAT -n. (10)

We can compute T by expanding the right-hand side of Eq. 9 in component
form and collecting terms with common factors of n,, n, and n,. The proce-
dure gives the following form for the torque on a body in terms of an integral
over a surrounding surface:

tx = //S dA (Tnn;,; -+ Tlgny + Tlgnz) (11)
ty = //S dA (Tglnr + ngny + ngnz)

t, = / /S dA (Tyng + Tyany + Tyan,) .

The components of the torque tensor are related to the components of the
Maxwell stress tensor and the components of the vector from the torque
origin:

o (Tyszl - 7’z521) (Ty532 - 7“zS22) (7°y533 - 7"z523)
T = (7“2511 - Tx531) ('Fz512 - Tz532) (Tzsls - 7’x533) . (12>
(Tzszl - Tysn) (Tx522 - Tyslz) (TmS23 - Ty513)



