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Focusing of High-Perveance Planar Electron Beams
in a Miniature Wiggler Magnet Array

Stanley Humphries, Fellow, IEEE, Steven Russell, Bruce Carlsten, and Lawrence Earley

Abstract—The transport of planar electron beams is a topic of
increasing interest for applications to high-power, high-frequency
microwave devices. This paper describes two- and three-dimen-
sional simulations of electron-beam transport in a notched wig-
gler magnet array. The calculations include self-consistent effects
of beam-generated fields. The simple notched wiggler configura-
tion can provide vertical and horizontal confinement of high-per-
veance sheet electron beams with small transverse dimensions. The
feasibility calculations address a beam system to drive a 95-GHz
traveling-wave tube experiment under construction at Los Alamos
National Laboratory, Los Alamos, NM.

Index Terms—Bean transport, charge-particle simulation, high-
current beam, planar beam, wiggler magnet focusing.

I. INTRODUCTION

THIS paper describes two-dimensional (2-D) and three-di-
mensional (3-D) simulations of the transport of high-per-

veance planar electron beams in a permanent-magnet wiggler
array. Here, the term planar implies that the height of the beam
(vertical direction) is much smaller than the width (horizontal
direction). The studies have two novel features: 1) emphasis
on miniature systems for small-dimension beams and 2) inves-
tigation of notched magnet faces to provide nonlinear wiggle
plane focusing for intense beams. Planar beams are potentially
useful for the generation of high-power microwave radiation in
devices such as sheet-beam klystrons and high-frequency trav-
eling-wave tubes [1]–[11], [22], [23]. Flat beams have several
advantages for the application.

1) Higher net current can be transported for a given max-
imum focusing field.

2) The kinetic energy spread from space-charge effects is
smaller.

3) The extended interaction area ensures smaller RF electric
fields for a given power, reducing the possibility of break-
down.

4) Miniature RF structures (with scale size comparable to the
beam height) can be used for high-frequency applications.

The last feature is critical for high-frequency traveling-wave
tubes. The goal of the program [12], [13] at Los Alamos
National Laboratory (LANL) is the efficient generation of
megawatts of microwave radiation in the frequency range of
95 GHz. This frequency corresponds to a vacuum wavelength
of only mm. An experiment under construction at the

Manuscript received September 4, 2004; revised December 12, 2004.
S. Humphries is with Field Precision, Albuquerque, NM 87192 USA.
S. Russell, B. Carlsten, and L. Earley are with the Los Alamos National Lab-

oratory, Los Alamos, NM 87545 USA.
Digital Object Identifier 10.1109/TPS.2005.845088

Fig. 1. Cutaway view of the pole-piece of an elliptical-aperture solenoid lens
for circular-to-plane beam transformation. Red lines are orbits of selected model
electrons to represent a 20 A, 120 keV beam with full effects of beam-generated
electric and magnetic fields. Aperture is rotated to give a planar beam aligned
with the x-y axes of the simulation.

laboratory has the target beam parameters shown in Table I.
In the table (and in the remainder of the paper), we apply the
convention that the planar beam propagates in , has large
dimension in and small dimension in . We plan to create
planar beams with the target parameters using a conventional
circular-beam electron gun combined with a transformation
system based on a solenoid lens with elliptical pole apertures
(Fig. 1). Reference [14] describes properties of the lens and
simulations of beam transport. The device produces approx-
imately linear focusing forces with different focal lengths in

and . The angular divergence value in Table I is set by the
limitations of the optical system.

Beam transport in the traveling-wave tube experiment poses
several challenges. The vertical confinement forces must be
strong enough to preserve the small height in the presence of
space-charge forces and the relatively large emittance of the
focused beam. Magnetic field strength in the wiggler is limited
by the properties of available permanent-magnet materials,
the minimum bore size and the maximum cell length of the
periodic system. The bore size is constrained by the size of
the traveling-wave structure, while the cell length is limited by
orbital stability. The beam properties and required interaction
length dictate that horizontal focusing is essential. Because
of image-charge and current induced in the traveling-wave
structure, the forces of beam-generated fields are concentrated
at the envelope, even if the beam has an ideal elliptical cross
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TABLE I
PARAMETERS OF THE LOS ALAMOS TWT EXPERIMENT

section. Therefore, we seek a focusing system that provides
appropriate nonlinear forces.

Section II reviews vertical confinement in a wiggler and the
mechanism of edge focusing in an array with notched pole faces.
Section III describes 2-D simulations of beam matching and
vertical focusing, including effects of emittance and self-con-
sistent beam forces. We investigated ideal arrays as well as sys-
tems with random errors in remanence field and magnet thick-
ness. The calculations confirm that: 1) the requirements of the
LANL system can be met with existing magnet materials and
that 2) individual magnets must have properties that are uni-
form to within a few percent to prevent to growth of envelope
oscillations. Section III summarizes results of 3-D simulations
of intense planar beams in a notched wiggler. The calculations
demonstrate that the nonlinear edge focusing forces can main-
tain the required height and width of the planar beam over an
extended interaction length with little distortion of the profile.

II. WIGGLER FOCUSING BASICS

A wiggler [15] consists of upper and lower stacks of perma-
nent magnets with opposing magnetization direction, as shown
in Fig. 2 (note that the figure shows only the portion above the
symmetry boundary at ). To begin, we limit attention to
vertical focusing and assume that the system has infinite length
in (out of the page). The magnets are oriented to produce a
dipole field with alternating polarity along the axis. Top and
bottom iron pieces provide shielding and carry the return flux
above and below the assembly. The axial length of the first cell
must be about half that of a standard cell to ensure that there is
no net drift motion of the beam in .

At locations far from the entrance, the dipole field has the
approximate variation

(1)

where and is the magnet length along . Inspec-
tion of Fig. 2 shows that there are field components that have
maximum amplitude at the cell boundaries. The dipole fields

impart an oscillating velocity in the direction. The re-
sulting force provides focusing along . The compo-
nents have opposite polarity above and below the vertical axis.

Fig. 2. View of a wiggler magnet array (in a plane normal to x) with
dimensions used in the 2-D simulations. (Note that the assembly is symmetric
about y = 0:0, and only the region y > 0:0 is shown.) Bold arrows show the
direction of magnetization. Magnetic field lines calculated with the PerMag
code. Dimensions in millimeters.

We can, therefore, approximate the field component near
with the expression

(2)

Because there are no current sources, the condition
holds, or

(3)

Substitution of (1) and (2) in (3) determines and gives an
expression for the axial component of field

(4)
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Canonical momentum is a conserved quantity along the
direction

(5)

The condition holds if the electrons enter from a re-
gion of zero magnetic flux. The vector potential is related to the
dipole field by

(6)

Integration of (6) gives

(7)

Combining (5) and (7) gives an expression for the velocity
along

(8)

Taking the vertical magnetic force as and introducing
beam-field and emittance forces [16], we find the following
equation for the envelope half-width

(9)

In (9), is the linear generalized perveance

(10)

where is the permittivity of free space. The quantity in (10)
is the line current density of the sheet beam in A/m. The quantity

is the vertical emittance

(11)

where is the amplitude of the vertical angular divergence.
Averaging over gives the envelope equation for a sheet beam
in a 2-D wiggler

(12)

Setting gives an approximate condition for a
matched beam. For specified values of beam kinetic energy,
linear current density and angular divergence, we can calculate
the required value of for a desired beam height.

Equation (12) is identical to the envelope equation for planar-
beam focusing in a periodic-permanent-magnet (PPM) system
with peak axial field [16]. Although the focusing forces

Fig. 3. Shaped wiggler magnets for horizontal (wiggle-plane) focusing.

have the same scaling, the wiggler system has the following
advantages.

1) Vacuum fields are confined to the beam transport region.
2) It is not necessary to place iron flux conductors between

magnets.
3) Field levels are relatively low in the flux conductors so

that they are not saturated.
The implication is that higher values of can be obtained in a
wiggler with the same volume of magnet material.

Horizontal beam focusing will be necessary in the LANL ex-
periments. In the circular-to-planar transformation [14], it is not
possible to achieve simultaneous waists in the vertical and hor-
izontal directions at the injection point. As a result, the beam
has a small nonzero horizontal envelope angle which adds to
the effects of space charge and angular divergence. Although
defocusing forces are small compared to those in vertical direc-
tion, we expect a significant increase in the beam width over
the required interaction length. Several approaches have been
suggested for wiggle-plane focusing that involve supplemental
focusing magnets or shaped magnet faces [11], [17]–[20]. Fig. 3
shows our approach for planar beam confinement. The wig-
gler-magnet surfaces facing the beam have a notch giving a
small step in the dipole field at the desired beam width [19], [20].
Electrons that drift outward and cross the transition suffer an
enhanced inward deflection, reversing the drift direction. This
approach has advantages compared to other configurations.

1) All magnets are identical.
2) There are no extra parts or alignment requirements beyond

those of a uniform-field wiggler.
3) The effective force approximates a reflecting wall so that

confinement is not sensitive to the beam space-charge dis-
tribution or magnitude of the field transition.

Fig. 4 demonstrates the focusing mechanism. The illustration
shows the orbits of 120-eV electrons moving in the calculated
3-D magnetic field described in Section 4. The notch provides
a sharp field transition from T to 0.496 T near

mm (at the cell axial cell midplanes). The background
color shows in the plane . In Fig. 4(a), electrons
enter parallel to the axis at different displacements in . All
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Fig. 4. Horizontal electron orbits projected to the x-z plane in a notched wiggler array. Electron injection energy: 120 keV. Color-coding shows jB j in the plane
y = 0:0. Magnetic field values in T. Dimensions in mm. (a) Injection parallel to the z axis over the reduced-field range in x. (b) Injection at x = 0:0 over a range
of horizontal angle from x = 0:00 to 0:25 rad.

TABLE II
BASELINE WIGGLER PARAMETERS

electrons that start within the reduced-field region are confined.
(Note that electrons that enter with displacements mm
sense a wiggler field that is uniform in and are not focused.)
Fig. 4(b) shows orbits of electrons injected at over a
range of angles from 0.0 to 14.4 . With the given magnetic
field values and a cell length of mm, the notched wig-
gler confines 120-keV electrons up to an angle of 9.93 (0.17
radians). This value significantly exceeds the maximum hori-
zontal divergence and envelope angles expected in the LANL
experiment.

III. BEAM MATCHING AND VERTICAL FOCUSING

We used the PerMag and Trak codes to study vertical
matching of a focused, high-intensity sheet beam into a wiggler
array. In the 2-D simulations the system had infinite length
in (the horizontal direction). Table II shows the baseline
parameters for the miniature wiggler array. Fig. 2 shows the
entrance region to scale and definitions of geometric quantities.

The initial cell had an axial length of mm. Be-
yond this, there were no special provisions to optimize beam
matching. The simulation modeled the fringe field region, the

first half-cell and fifteen full cells. A flux-excluding boundary
for the finite-element solution was located at mm.
Fig. 5 shows the variation of the on-axis magnetic flux den-
sity in the fringe region and over the first few cells.
At locations distant from the entrance the peak dipole field was

T. The solution for the beam-generated electric
fields was performed inside a grounded chamber of dimensions

mm. The conducting boundaries gave an approxi-
mate representation of the image-charge effects of the traveling
wave structure.

Following the results of [14], we sought conditions where the
beam distribution at mm filled a rectangle in vertical
phase-space with dimensions mm and
radians. We used a linear current density of A/m,
consistent with the parameters of Table I. There was a compli-
cating factor in the initiation of model-particle orbits. While we
knew the desired distribution at mm, it was essential
to start electrons at the solution volume boundary (
mm) to ensure that they had canonical momentum .
Electrons that started at mm exhibited a horizontal
drift of 8.0 mm over the 62 mm length of the wiggler array.
To ensure the correct match conditions, we created a set of 200
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Fig. 5. Variation of B (0; z) in the 2-D calculation near the wiggler entrance at z = 0:0.

model electrons at mm with the desired phase-space
distribution and with average velocity in the direction. An
initial Trak run was performed with no applied magnetic field
to project the particles to mm with self-consistent
effects of beam space-charge and current. The momentum vec-
tors were then reversed, and the resulting distribution was used
as the input for the main simulation. The procedure yielded a
converging beam with that reached a height of ap-
proximately mm at .

Using target values for the beam and focusing system param-
eters, (12) implies that the peak magnetic field for a match is
approximately T. To investigate a range of applied
magnetic fields, the baseline PerMag solution was reduced by
a scaling factor for the Trak orbit calculations. Reduced values
could easily be achieved in physical system by changing mag-
netic materials or reducing . A series of calculations
was performed with different values of the scaling factor to seek
the best match. The solutions included self-consistent effects of
beam-generated fields. Because the orbits were paraxial and the
vacuum system was uniform in , it was sufficient to use the rela-
tivistic approximation. Here, the combined effects of beam-gen-
erated electric and magnetic forces are contained in the total
force expression

(13)

The quantity is normally referred to as the relativistic en-
ergy factor and is the vertical component of beam-gener-
ated electric field. The application of (13) reduces the run time
and generally gives higher accuracy than individual calcula-
tions of the electric and magnetic fields. Fig. 6 shows magnetic

field lines and orbit traces for three cases: 1) under-matched
( T); 2) approximately matched ( T);
and 3) over-matched ( T). Note that the vertical
scale has been expanded by about to show details of the
orbits. Over the large range of applied field, the beam propa-
gated stably through the full system with little growth in en-
velope width. (Note that the Trak code is capable of modeling
envelope instabilities—we did observe the growth of envelope
oscillations in simulations with larger values of .) The peak
field for the best match was consistent with the prediction of
(12). With regard to vertical confinement, the simulations sug-
gest that the focused beam from the transformation system de-
scribed in [14] can be injected directly into a uniform wiggler
array without a special conditioning section. For T,
the wiggle amplitude was about mm. The net horizontal
drift was quite small ( mm) even though no special effort
was made in the design of the initial half-length cell.

We made some additional runs to check the effect of varia-
tions of remanence magnetic field and magnet thickness
on vertical containment. Small variations were introduced into
the baseline system of Table II with T. Because
of the calculation symmetry, the variations applied to both the
top and bottom magnets of a set. Manufacturers quoted a typ-
ical level for variations of of about % without selection.
Assuming that the figure represents a root-mean-squared value,
we sampled random values of from a uniform distribution
with a width of %. These values were inserted into PerMag
to create the field distribution of Fig. 7(a). The resulting par-
ticle orbits are illustrated in Fig. 8(a). The quoted dimension
tolerance was about mm. Again taking the figure as a
root-mean-square value, we sampled lengths from a uniform
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Fig. 6. Model electron orbits and magnetic field lines in the y-z plane for different amplitudes of applied field. Two dimensional simulations with the Trak code
include self-consistent effects of beam space-charge and current. Note that there is a vertical magnification of 30�. Dimensions in mm. Solid line shows the
vacuum chamber boundary at y = 1:0 mm. (a) B = 0:233 T. (b) B = 0:381 T. (c) B = 0:508 T.

distribution with boundaries mm. Fig. 7(b) illus-
trates typical field variations with random differences in magnet
thickness while Fig. 8(b) shows beam particle orbits. Both types
of errors introduced significant variations in the peak magnetic
field. Because the high and low values tended to clump statis-
tically, the effects on beam containment were pronounced. The
growth of envelope oscillations comparable to the desired beam
height is evident in Fig. 8(a) and (b). To be conservative in the
fabrication of the wiggler, we have decided to reduce variations
in below the % level by selection and to specify magnet

thickness to a tolerance of mm. A positive implication
of Fig. 7(a) and (b) is that an axial scan of the vertical magnetic
field gives a sensitive test of the material and dimensional uni-
formity of the array.

IV. HORIZONTAL FOCUSING WITH NOTCHED

WIGGLER MAGNETS

We used the Magnum code [21] to calculate 3-D magnetic
fields of a notched wiggler array. In the beam transport region,
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Fig. 7. Scans of B (0; z) for arrays with random errors of B and magnet
axial thickness (2-D simulations). (a) 5 per cent error in B . (b) 1.25 per cent
error in magnet thickness.

the magnets had the same vertical dimensions used in the calcu-
lations of Section III. The vertical gap between magnets equaled
3.2 mm in the horizontal range mm mm and

mm for mm. The simulation system consisted of
one half-cell with 2 mm length and 15 cells of length 4.0 mm.
For simplicity, a flux-excluding boundary was located at the en-
trance to the first cell—the simulation did not address matching
in the fringe fields at the entrance. Fig. 9 shows a section of
the array along with a color-coded representation of in the
plane . For clarity, the iron flux return pieces and half

Fig. 8. Model electron orbits and magnetic field lines in the y-z plane using
the calculated magnetic fields shown in Fig. 7. Two dimensional simulations
with the Trak code including self-consistent effects of beam space-charge and
current. Note that there is a vertical magnification of 30�. Dimensions in mm.
(a) Error in B . (b) Error in magnet thickness.

of the magnets have been omitted from the plot. On the axial
midplane of a cell, the value of was 0.426 T, close to the
result of the 2-D calculation. The value outside the transition
was 0.496 T, 16% higher than the central field.

An input distribution of 400 model electrons starting at
mm was created with the GenDist program [21].

The 120-keV beam uniformly filled a rectangle in the trans-
verse plane of dimensions mm and

mm. Injection angles were randomly



HUMPHRIES et al.: FOCUSING OF HIGH-PERVEANCE PLANAR ELECTRON BEAMS IN A MINIATURE WIGGLER MAGNET ARRAY 889

Fig. 9. Three-dimensional magnetic field solution generated by the Magnum code for the notched wiggler simulation. Magnet-face step at x = �5:0mm reduces
the full gap-width from 3.2 to 2.8 mm in the outer regions. Color-coded surface shows jB j at y = 0:0. Iron structures and half of the magnets are omitted for
clarity.

assigned in the range rad rad and
rad rad to created uniform angular divergences
in and . The injected beam was displaced mm in
so that the average horizontal position in the wiggler was at

mm. A magnetic-field adjustment factor of 0.90 gave
a good vertical beam match, consistent with the prediction of
(12) and the results of Section III. In the orbit simulation, the
peak vertical field at was 0.383 T. The solution for
the beam-generated space-charge electric fields was performed
in a grounded chamber with a rectangular cross section. The
chamber was uniform in and had dimensions mm in
the vertical direction and mm in the horizontal direction.
A small vertical element size of mm was used for
good resolution of the beam-generated forces. The simulation
employed the relativistic mode (13) to represent the effects
of beam-generated magnetic fields. The total current of 22.62
A corresponded approximately to a line current density of

A/m.
Fig. 10 illustrates results of the simulations. The upper-right

plot shows lines of constant beam-generated electrostatic poten-

tial at mm with superimposed electron orbits projected
to the – plane. The orbits combine vertical betatron oscilla-
tions with reflection and wiggle motions in the horizontal direc-
tion. The plot shows that the beam remains confined in both the
horizontal and vertical directions over the full length of the sim-
ulation volume with little distortion of the profile. The lower-left
plot shows orbits projected to the - plane combined with a
color-coded representation of in the plane . The
orbit plot shows the wiggle motion and illustrates beam con-
finement in the horizontal direction. No electrons were lost to
the vacuum chamber walls at mm. For comparison,
Fig. 11 shows the same type of plot with the beam injected into
an un-notched array with uniform magnetic fields in the hor-
izontal direction. The beam expanded under the influence of
space-charge forces and emittance. The envelope struck the wall
at mm. Approximately 16% of the beam current was lost
to the vacuum chamber at the system exit ( mm).

In conclusion, the process of nonlinear focusing by shaped
wiggler magnets appears to be robust and tolerant. The system
illustrated in Figs. 9 and 10 was an initial estimate based on the
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Fig. 10. Three-dimensional simulations of beam transport in a wiggler with shaped magnets. OmniTrak calculation with 400 model electrons includes
self-consistent effects of beam space charge and current. Top-right: Contours of beam-generated electrostatic potential at z = 30:0 mm (legend at left) with
superimposed orbits projected to the x-y plane. Bottom-left: Color-coded plot of jB j at y = 0:0 (legend at right) with orbits projected to the z-x plane (legend
at right). Dimensions in mm. Dashed line shows the walls of the vacuum chamber.

Fig. 11. Three-dimensional simulations of beam transport in a wiggler with un-notched magnets. Color-coded plot of jB j at y = 0:0 with orbits projected to
the z-x plane. Dimensions in mm. Dashed line shows the walls of the vacuum chamber.

2-D results with no optimization. The notched array has the ad-
ditional virtues that it is easy to fabricate, makes effective use of
the magnetic material and is insensitive to the size of the magnet
step and details of the beam distribution.
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