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Arrhenius rate integrals can play an important role in thermal codes for biomedical applications.
We have included support in TDiff and HeatWave. The purpose is find spatial regions where
significant chemical changes have occurred in applications like RF tumor ablation. The changes
induced in tissues by heating are not a simple function of the maximum temperature. Biological
damage depends on both temperature and the time over which heating is applied. The reaction
rate for any endothermic chemical reaction can be approximated by the Arrhenius expression:

dn

dt
= −A exp

(
−∆E

RT

)
n. (1)

In the equation, n is the number of entities (molecules, living cells, ...) that have not yet reacted,
R is the universal gas constant (8.315 J/mol-oK) and T is the temperature in oK. The two reaction
parameters A and ∆E have units of s−1 and J/mol respectively. The exponential form reflects the
fact that endothermic reactions involve a quantum tunneling process.

The equation has the solution:

n(t)

n0

= exp [−Ω(t)] , (2)

where

Ω(t) = A
∫ t

0
dt′ exp

[
− ∆E

RT (t′)

]
. (3)

In biomedical applications the quantity Ω is often called the Arrhenius damage integral. A value
Ω = 1 indicates that about 63% of the cells have been modified by the reaction.

During dynamic thermal solutions, TDiff and HeatWave determine the damage integral in all
elements for which reaction-rate parameters have been defined. The postprocessors can plot spatial
variations of Ω and can also determine surfaces of fixed Ω. One problem in implementing the
capability is finding and interpreting values of A and ∆E. The first and second columns of the
table of Fig. 1 list some values for mammalian tissue reported in the literature. Note that values
of A vary by more than 200 orders of magnitude, and values of ∆E by about a factor of 40. We
have developed alternate forms of the reaction parameters for the thermal programs that have two
advantages:

• They have values that are in a reasonable range (≤ 1000).

• They have easily-understood physical meanings.

We can rewrite the equation for the Arrhenius damage integral in the form

Ω(t) =
∫

dt′ exp

(
Λ

[
1− Tc

T (t′)

])
. (4)

The two new parameters are related to the original ones by

Λ = ln(A), (5)
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Figure 1: Arrhenius rate parameters for common mammalian tissues
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and

Tc =
∆E

RΛ
. (6)

These quantities are listed in columns 3 and 4 of Fig. 1. Note the values of the critical temperature
Tc. Even though there are huge variations of A and ∆E between tissues, the critical temperature
varies by less than 5%. Similarly, the temperature-range parameter Λ varies by only about a factor
of 40.

We can understand the physical meanings of Tc and Λ by considering a system with fixed
temperature T0. In this case, the equation for Ω has the form:

Ω = ∆t exp
[
Λ
(
1− Tc

T0

)]
. (7)

The equation shows that when T0 = Tc, the tissue reaches Ω = 1 in a time interval ∆t = 1.0 s.
In other words, at the critical temperature 63% of the cells are deactivated within 1 second. In
general, higher temperatures are required to alter tissues with higher values of Tc.

To understand the meaning of Λ, suppose that we limit attention to a relatively small range of
temperature near Tc such that

T0 = Tc −∆T (8)

where ∆T ≪ Tc. In this case, we can solve for the time interval in the equation for Ω:

∆t ∼= Ωexp
(
Λ ∆T

Tc

)
(9)

For given values of Ω and the fractional temperature difference ∆T/Tc, the required heating time
increases with higher values of Λ. As an illustration, consider calculation of the required heating
time to reach Ω = 1 for liver tissue at 50 oC (T0 = 323.15 oK). Inserting parameters from the table
into the above equation, we find that ∆t = 62.4 s.

4


